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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

TECHNICAL NOTE 2^51 

MATHEMATICAL IMPROVEMENT OF METHOD FOR COMPUTING POISSON 

INTEGRALS INVOLVED IN DETERMINATION OF VELOCITY 

DISTRIBUTION ON AIRFOILS 

By I. Flügge-Lotz 

SUMMARY 

The Poisson integral involved in the determination of the change 
in velocity distribution resulting from a change in airfoil profile in 
parallel incompressible flow is solved. 

First,.three well-developed numerical methods of evaluating this 
integral, all based on the division of the range of integration into 
small equal intervals, and the difficulties involved in each method, 
are discussed. Then a new method, based on the use of unequal intervals, 
is developed, and compared with the other methods by means of several 
examples. The new method is found to give good results for both the 
direct and inverse airfoil problems and is easily adaptable to rather 
complicated problems.  It is particularly recommended for all those 
functions where steep slopes in small portions of the region to be 
integrated exist. 

INTRODUCTION 

The ordinary thin airfoil at small angles of attack produces only 
slight disturbances in the flow of a parallel incompressible fluid. 
Hence, the influences of camber and thickness upon the velocity distri- 
bution may be computed independently and their effects superimposed. 
The effect of camber may be represented by vortices distributed along 
the chord line of the airfoil section; the effect of the thickness, by 
sources and sinks also along the same chord line. The velocities pro- 
duced by these singularity distributions enable one to compute the 
pressure distribution on the airfoil rather quickly. 

Allen (reference 1) has presented this singularity method in a 
form which has proved to be very practical for common usage. However, 
in special cases the unavoidable evaluation of the Poisson integral in 



2 NACA TN 2^51 

the course of the computations has given rise to numerical difficulties. 
Such integrals are usually computed by the application of finite differ- 
ences using intervals of equal length. However, changes in airfoil 
shape, which result in marked changes in the function to be integrated 
in only small portions of the range of integration, require that extremely 
small interval sizes be employed in this range, and, consequently over 
the entire range of integration. This leads to a considerable amount 
of computational work; hence, it appears reasonable to discuss the 
possibility of employing intervals of varying lengths for the evaluation 
of the Poisson integral. 

This investigation was prompted by the difficulties arising from 
the problem of small changes in the shape of symmetrical airfoils at 
the angle of zero lift. The examples included in the present report 
are restricted to this case, but the results obtained are in no way 
specialized and may be applied to all problems wherein the Poisson 
integral occurs. 

This work was done at Stanford University under the sponsorship 
and with the financial assistance of the National Advisory Committee 
for Aeronautics. 

The author wishes to express her appreciation to Mr. H. Norman 
Abramson for his intelligent and skillful help in the computational 
work and for his assistance in writing the final report. The author 
also wishes to extend her thanks to Mr. R. E. Dannenberg and the 
computing staff of the 7- by 10-foot wind-tunnel section of the Ames 
Aeronautical Laboratory, Moffett Field, California, for preparing the 
extended tables of the functions jn0 and jn0*- 

DISCUSSION OF PROBLEM 

The basic reference profile may be given by ytr = f(x), and its 

velocity distribution may be known from an earlier computation. The 
problem at hand is that of determining the change in the velocity dis- 
tribution resulting from a change in the shape of the profile (indicated 
by the dotted line in the following fig.). The difference of these two 
shapes is designated as Ay^.. 
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y 0 

Allen (reference 1, p. 7) gives for the change of velocity the equation 

Av(x0) 1 
X - x„ (1) 

where V0 is the velocity of the basic parallel flow.  If, by 
conformal mapping of the outside flow region, the center line of the 
profile is transformed into a circle by the relation 

x = °- (1 - cos 9) 
2 (2) 

then the profile is transformed into a curve approximating the circle 
shown below. 
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The change  in velocity due to a change in form will then be given as 

_1_ 
2ir 

'2it 
l(ATt) 

dx 

e - 9, 
cot do (3) 

defining 

dx 
K+9 

iM. 
dx 

jr-9 

This  is the form most often used for computation purposes because the 
inverse problem (that of computing the change in shape due to a change 
in velocity distribution)  utilizes the analytic form 

fel 
dx 2K. 

'2JT 
Av cot | 

9 -   9r 

Jxr 
10 

d9 00 

defining 

IT)    - {¥) 

which is strikingly similar.    The corresponding formula in the original 
x,y    coordinate system is given by 

Lfot) 
dx 

Av 

1   / Yo       V*o(c - xo) 
Mo    x - xo    \£(c~ 

dx 
x) 

(5) 

The evaluation of equation  (3) may be accomplished by any one of 
several different methods;  however,  all of these methods employ the 
device of replacing the  integral over the range 0 to 2K by a sum of 
integrals over intervals of equal length   A0.    The equally distributed 
points    0n    have corresponding values    x^    which are not equally 

distributed (see following fig.). 
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This arrangement is sometimes favorable, and sometimes not, depending 
d(Ayt) upon the particular form of 

equation (^3).) 
dx (See discussion following 

functions 

The use of the angular coordinate 0 has the advantage that the 
d(Ayt) 

dx or Az are periodic functions in 0, and this 

periodicity facilitates the organization of the numerical computations. 
The disadvantage arises from the fact that these functions are usually 
given as functions of x, and, since the analytic form is not usually 
known, any transformations made will lead to small errors  For example 

d(Ayt)     A ' 
lf   dx   °r y1 iS given at sPecial points which do not correspond 

to en = nA0, then the computor must obtain the values of these functions 
for the values 91}     92,  and so forth by interpolation. 

DISCUSSION OF SOME OF THE EXISTING NUMERICAL 

SOLUTIONS OF POISSON INTEGRAL 

The difficulty encountered in the solution of the Poisson integral 

arises from the fact that the term cot (° ~  do) or (equa- 

tions (1) and (3), e.g.) approaches infinity wnen 6    approaches 0  or 

when x approaches xQ. The difficulty is of much less consequence when 
*(*rt) or Av the function is given analytically than when a numerical 

computation is undertaken. As a consequence, any simple integration, 
performed by replacing the integral with a summation over smaller intervals 
always requires that the interval in which 0Q or xQ is located be given' 
special consideration (see following fig.). 
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H—I H 
*m 7 i\-<—i—i- V 

xm+l 

6m
/ 
m V 

H 1 \- 

*m+l 

A 1 t- 

A majority of the solutions currently in use have been developed 

to such an extent that, for example, &{90)     is Slven by a sum of 

products of single values of (A—ii-j  and known factors An; that is, 

n 

f Co) - 
,2ir d(Ayt) 

fe - er 

2n '0 dx 
cot d0 

_1_ 
2* US, 

<2n-6, d(Ayt) 0*  * 
cot — do 

dx      2 

!0. 
x , . *n+l  d(Ayt)    0   * 1 \- /        \ %J   cot — d0 

2« / i /x, *      dx      2 
n 

which leads to (see reference 2, e.g.) 

(6) 

£(flo)-£> 
l(^t) 
dx -in 

(7) 
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The coefficients A^ depend upon the particular method of 
dK) numerical integration which is employed.  If, for example, 

dx 
is 

replaced by a step-curve, that is, assumed constant in every interval 
(see fig. below), one set of values of Ano    would be obtained. 

a(4rt) 
dx 

r\ 
x/c •- 

Greater accuracy would be obtained by the assumption that 
d(Ayt) 

dx 
is 

replaced by straight-line segments (see fig. below), in which case a 
second set of values of Ano would be obtained. 

x/c 

A further refinement would be that of assuming 
1<&L 
dx 

to be composed 

of segments of parabolas, and so forth.  Since the accuracy of the 

resulting values of ^ depends upon both the character of the approxi- 
"o 

mate curve and the size of interval taken, it is apparent that the same 
degree of accuracy might be achieved from many different combinations 

of interval sizes and approximations to the function 
d(4rt) 

dx 
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Naiman (reference 2) has used Simpson's rule for computing the 
Poisson integral, which corresponds to the replacement of the product 

^ yW cot —  by segments of parabolas. The "critical interval" 

- > 00) was carefully treated by using differences 
V   ■ / 2     I d(Ay.)\ 
of higher order I including the fifth derivative of       I. Naiman 

divided the period of 2 it in 20 or I4-O intervals and calculated the 
corresponding sets of values of AnQ.  Other workers at the NACA have 

extended the calculation of these values of Ano    to 80 and l60 intervals 

(unpublished information). 

Obviously, the time required for computing ^v increases with the 

number of intervals taken because of the increased number of multipli- 
cations to be performed.  In addition, greater preparations for the 
computing proceoa are necessarily involved, particularly since the 

values of —>—— needed must usually be obtained by interpolation, 
dx 

This interpolation has to be done rather carefully as it is often not 
sufficient simply to take the values of the plotted curve of 
d(Ay ) 
  . This curve should be checked by difference tables if the 

dx 

values 
d fel 

dx Jn 

are to represent a smooth curve. 

For those functions of Ayt which may be well-represented by a 
Fourier series, there exists a simple method of evaluating the Poisson 
integral which has apparently been overlooked until the present time. 
This method has the advantage of leading to a computation which does 
not involve the derivative of Ay-j.. 

1Naiman has also suggested a second method for computing the 
Poisson integral (see reference 3).  In this second method he uses 

d(Ay+) 
Fourier polynomials to represent the function —*—**-  . The computing 

dx 

procedure is very simple; however, the results depend largely on the 
d(Ayt) 

degree of approximation of —*——<-   by such a polynomial.  Thus, for 
Q.X 

large families of functions results are good; however, cases are known 
to the author where results were not satisfactory because regions with 
steep gradients may not be represented well enough by a Fourier 
polynomial of moderate order. 



NACA TN 21*51 

Equation  (6) may be written in a different form  (reference 1, 
equation  (lj-3))  as  follows: 

Av =  1   rd(Ayt) sine 
^o       nj0        ^      cos   ^ "  cos  ^c 

d9 (8) 

and this may be rewritten as 

i2 rw de äv = i £ 
Vo       n c Jo d9       cos   9 -  cos   eo 

(9) 

Equation (9) is strikingly similar to an integral ocurring in the 
theory of the lift distribution of a finite wing in incompressible flow. 
There,  the induced angle a±    is given by 

ai = 
d.7 de' 

2it Jo d9' cos G'  ~  c°s e 

where y    is the local dimensionless circulation. 

(10) 

Multhopp (reference k)  has given a solution for equation (10). He 
divides the range of integration into (nu + l)  intervals (see fig. 

below) 

with 

n 
m + 1 

7n = 7(&n) 
(11) 
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and computes    a±    at the points    0n.    He assumes that    7    may be 
expanded in the form 

y =2L,
C

H 
8±n ^e 

or 

m-, m, 
7  = —— >~! 7n ^"1 sin \iG„ sin u9 (12) 7TE^nSsiD ^en si 

+ x n=l        n=l 

He then obtains the expression 

mi   t 
aiv = Vv "SV7n (13) 

The prime on the summation symbol indicates that n = v is to be 
omitted from the summation because that special term has already been 
considered in the first term of the right-hand side (i.e., bvv7v). 
Reference k  presents tables for the coefficients bvv and bvn for 

mj_ =  7, 15, and 31. Applied to the problem at hand, m-|_ = 31 would 

appear to be rather small; therefore a table for mj = 63 has been 

computed and is included in the present report (appendix A). As a 
comparison: For n^ = 63, A0 = 2.8125°; for Naiman's method with 

l60 points, A9 = 2.25°. 

Utilizing this method of integration which was developed by means 
of Fourier series, an expression may be obtained for the velocity 
distribution as follows: 

Ü* , 

The great advantage of this method is that of simplicity:  (l) The 
actual computational procedure is very simple and (2) the derivative 

vyt'  is avoided. The simplicity of computation is reflected in the 
dx 

fact that the time required for computing {=&■    at one value of 0Q vo 
is approximately half that required by the method of Naiman when the 
intervals have approximately the same size.  It should be noted, 
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however, that the accuracy of the method of Naiman will be greater than 
that of Multhopp In those cases where the differentiation of Ayt by- 
Fourier expansion (equation (12)) does not give good results. 

A third method of evaluating the Poisson integral became known 
during the course of the present investigation.  In a paper by Timman 
(reference 5), the integral is studied in the form 

(0) = _ J, /  ä(t) cot LzJL a*        (15) 

Timman assumes that ä(\|r)  is not given analytically, but only at 
equidistant points. An interpolation polynomial (reference 6) for ö'fy) 
is employed, and these polynomials replace the function ö"(i|/-)  in a 
single interval by a function of third order. The polynomial function 
thus introduced has a continuous first derivative,2 and it is evident 
that this continuity is essential for the attainment of good results. 

Timman has divided the period 2JT into 36 intervals of equal 
length and established a computing scheme. The function a(ty) is 
separated into its symmetrical and unsymmetrical parts so that 

aW =  s + d (16) 

Then 

18       18 T(^)=z:-k2sk-2ZßkZ dk (i7) 
k=0       k=0 

where the factors o^ and ß^ are given in tabular form.  In the 

d(Ay+) 
present particular case —*—^-    is antisymmetrical (equation (3)) and 

£%■    is symmetrical (equation (h)).    Thus the separation indicated by 
vo 
equation (l6) does not require any additional work. 

Timman's method should give good results provided that a sufficient 
number of intervals are taken - the division of 36 intervals over a 
period of 2it (i.e., 18 intervals over the chord of the profile) appears 
to be insufficient for an accurate representation of the function which 

di^tl or ^ 
dx      V ' 

^ 2The polynomials used in the classical interpolation formulas are 
less smooth (see reference 5, pp. 7 and 10, figs. 1 and 2). 
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The time required for computing one point by the method of Timman 
is approximately the same as for Naiman's method with the same interval 

size. 

Other methods of evaluating the Poisson integral have been 
suggested. They will not be discussed here as it is the intention of 
this section to consider only the most practical of the known methods. 
The three methods already discussed have their own particular 
advantages and have been especially developed for rapid and simple 

°-(Ayt]        AV 
computation; however, all three of these methods, when  v^   °r ^~ s 

change rapidly in magnitude, become cumbersome, and require that very 
small intervals be taken over the entire range of integration because 
the scheme of equal interval size is utilized. 

EVALUATION OF POISSON INTEGFAL BY A METHOD 

EMPLOYING UNEQUAL INTERVALS 

Development of Method 

As the change in airfoil shape, or the change in velocity distri- 
bution, is given originally as a function of x it appears logical to 
retain the coordinate x in selecting the size of the different 
intervals.  Hence, the Poisson integral may be studied in the form 

^ (18) T(X0) =-i /  a(x)- 
0      Ä - xo 

which corresponds to equation (l). Conforming with its physical 

meaning cr(x) =  ^^  is assumed to be a function which is finite in 
dx _ 

every point of its range of definition.^ 

Define 

Ax„ = 

with 

:n - Vt-l ~ *n 

n = 0, 1, 2, 3, 

(19a) 

3This restriction will be dropped later; see discussion beginning 
with the first paragraph after equation (32). 
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and 

x™ < x„ < x . m   o ^ m+i (19b) 

For convenience, there is chosen (see following fig.) 

v - xm + xm+l 0 i (19c) 

H 1—I 1 1 1- 7? r xm+l 

The function a(x)  is approximated by straight-line segments (see third 
sketch in preceding section). Then, for xn < x < x^.-i, 

cr(x) = a(xn) + 
P(Xn+l) ~ g(*n)^x _ ^ 

Jn+1 
Ax. n ~(

x " *n) (20) 

from which there is obtained 
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K)--if>>HV--£ 
"n+1 

*n + 
a    ,   - a 
n+1   n 

Ax n (x " *n) 
dx 

x - x0    « X - x^ 
lxn 

2 
,Xn+l an + 

gn+l - V N 
—3x^ (x - xo + xo - xn) 

dx 
X - x^ 

,xn 

ifef2^) **n 

I *n + 
an+l - an 

AXn 
(xo " *ri) %    x" x°/f 

(21) 

Also, 

,xn+l dx 
X - X, - Jno 

,xn 
(22) 

by definition. The function jn0, in the different regions of x, is 

given by different expressions as follows: 

Xn+1 " X° loge _ __ for xn+1 > ^ > x0 
xn " xo 

<U = 1  loSe 
Xn+1 " xo 
xo - % 

for xn+1 > x0 > xn (23) 

l0ge X° "IT1 f°r X° > *n+l > Xn xo " *n 
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Introducing    jno    into equation  (21),  there results 

T(xo)  = - i 
JT X!N+I- °n) +X! 

2>Jn0 + SK+l 

«* + !l^1(Xo 

\ /        xo " *n        ^ 

**) 
Jno 

*n 

Or,  defining 

(21*) 

1 +  X° "  ^   i Jno Ax- •n 
Jno (25) 

there results,  finally, 

•(xo) 2 anJno + ]>] (an+1 "  M Jno' (26) 

Since xn+1 = j^ + Axn, the functions jno and Jno* may be 

written as 

T       —  1        - 

Jno logjl + -^ 
xn " xo 

for ^ > x0 

Axn 
= loge(-l + x^ _"  j for xn + Axn > x0 > ^ 

o  ^n> 

= loge(1 + 
**n 

*n " xo/ 
for x0 > ^ + A^ 

(27a) 

and this form shows that j   and J...* are functions of *IL~ X° Jno 
only. 

Axn 
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For *n 
Ax 

_>±c 
■n 

For    xo " xn 

For very large 

1 Ax n 

Jno 

Jno = 0 

"no 

Jno = 1 

*n 
Ax 

=  6, 
n 

Jno 

Jno 

->i 1 
6      2|2 

26 31 
+  . 

For very large negative 
xn." xo with 
Axn 

xn ~ xo 

A*n 
**, 

dno 
%        26 

+ . 

Jno   ' 
21   31 

*2 
J 

(27b) 

(27c) 

(27d) 

These functions are given in figure 1 and in table I. 

It is seen that -high absolute values of jno and jno  occur 
x - xQ \ 

near those values of -~r  which characterize the critical interval. 
Axn 

Figure 1 give3 an idea of the characteristic qualities of jno 

and jn0* as functions of ^JI—° j however, the representation is not 
Axn 

sufficient for picking out values for a computation. Table I gives the 

*  _     "n ~ xc 
values of JnQ and Jno  for -1+9.5 < ^ < 1+9.5. This table might 

\f    x = ^ + Xm+1  (equation (19c)) the critical interval is 

given by -0. 5 < 
xn ~ xc 
A^ 

< 0.5- 
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be used for rough computation and for getting acquainted with the 
method.  In general, it is advisable to use those tables which are 
given in appendix B. 

It will prove of benefit to investigate the exactness of that 
portion of the integral which contains the singularity. Recalling 
that the function a(x) was replaced by a straight line in every 
interval (equation (20)), there is obtained: 

tr(x) 
x <lx = - -(CTm+l - CTm) (28) 

if x < x < x ... Now, let an expansion of the function cr(x)  in 

the critical interval around x0 be assumed as follows: 

a(x) = a(x0) + a»(x0)(x - x0) + ^"^(x - x0)
2 + 

-T^i* "  xo)  + "TH^* " xo) (29) 

Then, 

dx = :.M«.^mf. 
3.'    312 } 

lf(am+l " CTm) " ^(ffBi-f2 - Vl) 

" \  llsN+l - v ) 

1_ 
36 K+2 " <W) 

+ (ffm " Vl) 

Comparison of formulas (30) and (28) shows that the error in the 
critical interval is approximately given by 

(30) 
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nliH^nH-l °m)   ' js   (Gm+2 " am+l) + {%  " ffm-l) (3D 

The error of evaluating the whole integral "by finite differences may- 
be estimated by using two different interval distributions and comparing 
the results for a given xQ. 

However, in addition to that error of the result produced by 
replacing the Poisson integral by a sum there exists another error. 
This sum cannot be computed exactly, but has a certain error depending 
on the accuracy of the given data for an(x) and the tabulated values 

of jn0 and j no As the function a(x) = 

■3 
dx 

usually has an 

error of en = 1 X 10 J it has proved amply satisfactory to give j no 
and j to four decimal places, the error being less than 

5 x 10 . The error of 
no 

(Xo) 
1 
it 2><W> +5ZN+I " a^^° 

is  smaller than its  upper limit  given by 

,fsr«u„i + 2 e 
\^ 

Jno 'no + 6, er -, - a 
j n+1   n )" 

(32) 

This formula shows that the influence of e^ is stronger than the 

influence of e2 as long as  \ '|orn| + \ '|ffn+1 - on\     is smaller 

than 1 - as it is in our later examples - and the sums /    i |,Jno| 

and ;?   , j 0   are always larger than 1. An increase of subdivisions 

makes the sums in the upper limit of the error (32) grow, thus requiring 
a higher accuracy, especially in a      and perhaps also in the values 

of Jno and Jno*. 

In establishing the solution of equation (18) it was assumed 
that cr(x)  is finite throughout its range of definition.  If it is 
desired to compute the change in shape due to a proposed change of 
velocity distribution, this restriction must be eliminated, as will 
be recognized immediately. 
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Equation (5) may be written in the form 

ax    -*\/Mc     xo)Jo    Np__Tx_Xo (5) 

Omitting the factor    \JxQfc - xj) , which doe3 not affect the  integration 

process,  the  integral may he reduced to the form of equation  (18) by 
defining 

AvAc 
\/x(c  - x) 

=  (Ti(x) (33) 

However,   cr-^x)    will be infinite at    x = 0    and    x = c    if    \§r~\    ^ 0 
/Av\     , ^ °'° 

and    (rr—)    f 0;  therefore, a special consideration of the neighborhood 

of    x = 0    and    x = c    is required.    This  is done by splitting the 
integral into the following three parts: 

CTnlx)   = (Mx)   +       / CT-,(x)  
/O x " xo        Jo x - xo /€l 

x - xo 

a  (x)_i£L_ (34) 
x - x0 

'C-e2 

with    e,     and    e      being small compared with    c»    The  integral 

2       /   \     dx 
x - x0 

el 

may be treated as was explained formerly for 

°a(x)-   to 

(0 x - x^ 
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(see equation (l8)) because a±(x)     is finite for e1 < x < c - e2> 

For the first and third integrals, however, a new integration formula 
must be developed.  By introducing 

|i = c - x and CT-LU) = a1  M-(x) = a-ffo) 

there is obtained 

,c-62 
Hence, the method used for the first integral will also apply to the 

third.  In most cases (—j  will be zero and there will be no need 
Vo/c 

for a special evaluation in the neighborhood of x = c. 

The integral 

f1 ffl(x)-£L_ =    f'1     Wo       -*L- (36) 
Jo x " xo        JO        \jx(c - x) x -  x0 

will have an important influence on the result of equation (3*0 only 
if x0 is near to ei- First the general formula will be given and 

then a simplification will be discussed for x0 » €■]_. 

The integral (36) will be solved assuming that 

fo =  a0 + ai(|) + a2(ff for 0 < x < e, (37) 

Only the final formula of this procedure is given here; the 
details of the solution will be found in appendix C. 
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-W 
61      Av/V dx 

'O        \/x(c  -  x) 
x  -  x0        c '    ° 

*W 2 
+ 2 /? 

a„ + a. ■*/ Äo 

al    + a2 
*/xr 2       * 0 (38) 

with    MQ    given in figure 2,  and 

a~ = _ /Avi 
V o/o 

* 1 al    = ai + " ao 

with 

al = 
26l -(Ü + *®. - (C 

a2 + 2 al + B a° 

with 

2e, 
ta - 2©61 ♦® 26, 

(39) 

The coefficients &Q,    a-,, and ap may be determined first, as 

they do not depend upon the particular value of xQ, and then Fj_(x0) 

may be computed. The term depending on a,  and a  will exert an 

influence only for small values of xQ/c. After a brief training the 

computor should be able to decide rather accurately when the formula 

*iM-i*-k->f>HS) (Uo) 

is sufficient and when the more exact expression (equation (38)) is 
required (also see fig. 2). 
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Organization of Computational Procedure for Unequal Intervals; 

Transition from One Size of Interval to Another 

A thorough understanding of the method is best achieved by 
following through a rather simple example; in addition various short 
cuts to the method will be demonstrated. 

Assume a function a(x) of the type shown in the following 
figure. 

a(x) 

It appears reasonable to take raxher small intervals for small values 
of x because of the form of the curve tf(x); therefore, the following 
arrangement of interval sizes is arbitrarily selected: 

Äx = 0.002 for 0 < x < 0.030 

Äx = 0.006 for 0.030 < x < O.O96 

Compute T(0.009) with the help of equation (26). Note that the 
critical interval extends from 0.008 to 0.010. Table II(a) gives 
the values of x/c, an,     an+1 - on,     Jn£), and Jno* for the range 

with Äx = 0.002. At x = 0.030 the interval changes to Ax = 0.006 
and the same functions are given for the range with this size of 
interval in table II(b).  Naturally the range above the broken line 
in table II(b) is not utilized in the computation since this portion 
has been considered in table II(a). 
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X  - XQ 
Note that —- progresses in table II (b) in the same manner 

as in table II(a); this is due to .the special choice of Ax.  If 

Ax = 0.006 were used starting with x = 0 the critical interval for 
x0 = 0.009 would extend from 0.006 to 0.012. Hence, for Äx = 0.006, 

jno = 0 and jno =1 is to be found at x/c = 0.006. 

For rapid computation it is best to have jno and jno  as 
x« — x 

functions of    —- on a paper strip and to place this strip adjacent 
ZAX 

X  — X 
to the columns headed by an    and crn+]_ - cr .  If  n. ■—2. progresses 

as indicated in table I, the correct location of jn0 = 0 and jno* = 1 

at the beginning of the critical interval fixes the placement of the 
strip. 

In the example just treated, the transition from one size of 
interval to another is very easy because xQ lies at the midpoint of 
an interval of the size 0.006 as well as of the size 0.002, if starting 
with x = 0. 

If Ax had been chosen 0.004, such a desirable arrangement would 
not have resulted because xQ = 0.009 would not be located at the mid- 
point of an interval of this size (starting with such intervals 
at x = 0). 

As a second example compute the value of T at xQ = 0.015. 

^n ~  xo      ^n ~  xo 
Again,  —— and  —— will progress as in table I. The values 

Ax ^ 

Jno = 0 and Jno* = 1 will be placed opposite x/c = 0.014 for the 

region with Ax = 0.002 and opposite x/c = 0.012 for the region 

with Ax = 0.006. As long as Ax = 3Ax, Ax = 3Äx, and so forth and 
if xQ is chosen so as to be at the midpoint of the largest size of 
interval, the computation may be accomplished by shifting the strip 
with jn0 and jno* corresponding to table I. 

But suppose that the interval sizes are so arranged and it is 
desired to compute a point where xQ does not lie at the midpoint of 

the largest size of interval; for example, xQ = 0.013. The value 

x0 = 0.013 lies at the midpoint of an interval with Äx = 0.002; hence, 
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for the range 0 < x < 0.030,  jno and Jno* may be taken directly 

from table I. However, at x/c = 0.030, intervals of the size 
Äx = 0.006 commence and there is obtained 

Xn - xo  0.030 - 0.013_ = 2<833 
Äx 0.006 

The value of —  progresses by 1, that is, 2.833, 3.833, 
Ax 

U.833, .... Thus the functions jno and Jno* are needed for 

values of ^ ~ X° which are not given in table I.  One might think of 
Ax 

taking them out of an enlarged diagram (see fig. l);  however, it is 
much more convenient to take them out of an extended table, which is 
conveniently arranged for "advancing by 1." Such tables are given in 
appendix B. 

The example presented by the figure at the beginning of this 
section suggested starting at x = 0 with the smallest intervals. 
However, other examples may suggest another distribution of intervals. 
The smallest size of intervals may lie at any part of 0 < x < c. 
There are no restrictions in the arrangement of intervals.  (See, e.g., 
discussion following equation (^3).) 

Accuracy of Method, Examined by Means of 

an Analytical Example 

The accuracy of the result depends directly upon the size of the 
interval taken and the reliability of the data comprising the func- 
tion ff(x).  Because the function ff(x) will be replaced by a broken line, 
a glance at the curve will quickly suggest an arrangement of intervals. 
In addition, the error in the critical interval may be used as a first 
test of the choice of intervals. 

As a test of the quality of this new method, involving unequal 
dCAyt) intervals, a function cr(x) = —  has been treated which allows 

dx 
the analytical computation of T(X) = ^ . 

"o 
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The function    cr(x)     is  given analytically as 

0 ^ x < 2A ^     "^   = Bx(2A -  x) 
dx 

dl Ot)  _ 2^< x<  c rVJ^IL =  _D(Cl -  x)(x -  2A) 
x dx v ' 

Cl<x<c ifel.o 
1 dx 

The following arbitrary values have been selected: 

c±  = 0.35 

c = 1.0 

rCl d(Ayt) 
D = Some multiple of B so that  /   —- - dx = 0 

Jo   dx 

d
(Ay+') / x        / x The functions Ay+ and ——**-   are given in figures 3(a) and 3(b), 

z dx 
respectively. 
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The analytical computation of 
Av 

for figure 3(b) is given in 

figures U(a) and U(b). The arrangement of the unequal division for the 

numerical computation of ==%■    is indicated in figure k(a). 
"o 

5 It was desirable to obtain the value of ^ at xQ = 0; hence, vo 
the first interval has been placed so that -0.001 < x0 < 0.001 and the 

function 
dx 

0 for -0.001 < x < 0. Since the function 
Lfot) 
dx 

is replaced in every interval by a straight line, the error might be 
expected to be large. However, g = 0 at xQ = 0 will aid in 

.preventing the error from being too large. 

A more exact solution would be obtained by putting 

g = 0 
Ax      n — < x < 0 

Ax 
2 

x 0 < x < Ax 

dx i&Xl 

For the interval - — <x <^£ equation (26) would yield 

'Ax/2 

- Ax/2 

dx 1 
jt 

(gl - 0 ) Jno* + ° X Jno = - -gi 

and no error is introduced. For xQ ^ 0 there is a very small error 

which may be avoided by respecting the change of size of the interval 

near x = 0. 
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Also given in figure 4(a) are points of the ^ curve determined by 
*o 

the method of unequal intervals. Figure k(b)  presents the same 
information plotted to a larger scale. 

For comparative purposes the same problem has been treated by the 
three methods of computation discussed earlier, namely, those of Naiman, 
Multhopp, and Timman. Figures 5(a) and 5(b) show the results obtained 
by the method of Naiman; obviously, the 40-point solution does not use 

a sufficiently accurate representation of the \    ^)    curve, while the 
dx 

80- and 160-point solutions are quite good, with the exception of the 

maximum and minimum points of the &£    curve.  In order to obtain a 
»o 

value at approximately £ = O.O36 a solution involving 320 points would 

be required.  In this respect the method of unequal intervals is more 
adaptable to special conditions without involving much new work than is 
the method of Naiman. 

The results obtained by Multhopp's method are given in figures 6(a) 
and 6(b).  The 31-point solution (in Multhopp's somewhat odd manner of 
designation) corresponds to A9 = 5-625°; the 63-point solution, to 
A0 = 2.8125°. The computation is very simple and the results of the 
method with 63 points are comparable with that of Naiman with 80 points, 
with the exception of those near the region 0< x< 0.01 (this is 

shown most clearly in fig. 6(b)). The very steep peak of  V^W 
cLx 

at x/c = 0.02 requires rather high harmonics for the representation 
of Ay^; consequently, good accuracy in the region near the origin may 
not be expected. This is substantiated by the fact that for the 63-point 
method the highest effective harmonic would have three waves in the 
region 0 < x < 0.04; obviously a sufficient degree of accuracy in the 
differentiation process cannot be obtained. 

As mentioned earlier, Timman's method might be expected to give 
good results if the size of interval is properly chosen.  Inasmuch as 

only a table for A0 = ^- = 10° was available, the result of the 

computation for 0£ cannot be expected to be good, as is evidenced bv 

observing figure 7. The result obtained is comparable with that of 
Multhopp's 15-point and Naiman's U0-point solutions. 

An excellent method of examining the accuracy of these methods 
still further is simply that of solving the inverse problem. From the 

Av d(Ayj-\ 
curves of — just discussed, values for   v ^ have been computed 
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and are presented in figure 8. The method of unequal intervals gives 
good results, indicating that the arrangement of intervals chosen was 
as good for the inverse problem as for the direct problem.  It is 
apparent that Naiman's method requires even smaller divisions than 
l60 points in order to avoid inaccuracies near the point x/c = 0.04. 

The reader may wonder that the inverse problem is not given by 
Multhopp's method.  It must be recalled that Multhopp's method of 
solving the direct problem does not involve the differentiation of Ayt; 

that is, it is particularly fit for this problem and presents, on the 
other hand, no analogy for the inverse problem: 

dx    2* J0  V0 """   2   ~     rt J0 V0 coa 0 - cos 90 

Because more extended tables for Timman's method are not available, 
and the results obtained from the 36-point method for which tables exist 
are very poor, no further examples of the application of this method 
will be given. 

COMPARISONS OF METHODS OF NAIMAN AND MULTHOPP WITH METHOD EMPLOYING 

UNEQUAL INTERVALS BASED ON ACTUAL EXAMPLES OF CHANGES IN 

AIRFOIL SHAPE 

The method of unequal intervals has shown good qualities when 
applied to a problem where the function cr(x)  is known analytically. 
However, as mentioned earlier, this function is not usually known in 
analytic form. This section, therefore, will compare the three 
principle methods, those of Naiman, Multhopp, and unequal intervals, 
on the basis of actual design problems, solving the direct problem 

for — and using these results to solve the inverse problem (excluding 
*o 

Multhopp for the inverse problem). 

Figure 9(a) shows the Ayt relations for examples I and II and 

a(Ayt) n   „ R^t)! 
figure 9(b), the  V^ '  relations. Note that the slope of  [_ ^ J 

for example II is more than twice that of example I near x/c = 0. 
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The direct problem for example I by Naiman's method is given in 
figure 10. The l60-point solution does not show any appreciable 

deviation from the 80-point solutions at the region of [§jr-)       ', 
\ o/max 

however, near the origin, at (Tr-)      >  the influence of the smaller-sized 
V o/min 

intervals (8O:A0 = U.5°; l6O:A0 = 2.2^°) is quite pronounced. 

The solution by Multhopp's method is given in figure 11;  31 points 
around the half circle are not sufficient for a solution comparable with 
Naiman's 80-point solution, and even a solution based on 63 points does 
not offer much improvement. The results are poor, as might be expected, 
in the region very near the origin (see preceding section). 

Figure 12 presents the results obtained by the method of unequal 
intervals, compared with results obtained by Naiman's 80- and l60-point 
solutions. The method of unequal intervals gives results corresponding 
to those established by Naiman's l60-point solution. The subdivision 
used is shown in the figure. 

As before, the inverse problem was solved, and is given in fig- 

ure 13.  In each case the computed curve of ^-   was the one used in 

obtaining the values for the —^—=^- curve.  Both methods give good 
dx 

results, thus proving that the chosen number of divisions was sufficient 
in Naiman's method and in the method employing unequal intervals. 

<l(Ay+) , 
The value of —^—^- computed at x/c = 0.171 is of some interest, 

dx 
This point was computed by the method of unequal intervals in two 
different ways: First, the arrangement of intervals shown in figure 13 
was utilized to compute the lower point. Then a new arrangement of 
intervals (Ax = 0.018 for 0 < x < O.36) was set up and the same point 
computed. The idea was to determine the inaccuracies that would result. 
One might predict that, since the point x/c = 0.171 lies at a con- 
siderable distance from the region of rapid changes in ®L}  errors of 

''o 
only small magnitude would be introduced; this is fairly well sub- 
stantiated by the results shown in the figure because the error thus 
introduced is approximately that of the deviation of Naiman's 160-point 
solution. 

Recall that this method does not involve the differentiation 
of Ayt. 
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Now, turning our attention to example II, which, it will be 

recalled, has a slope of —^—^i. of approximately twice that of 
dx 

example I, the results given in figures Ik  to 17 are obtained. 

For the direct problem Naiman's method of l60 points and the 
method employing unequal intervals give results which are in good 
agreement. For the inverse problem (fig. 17) it is apparent that the 

method using unequal intervals is superior (see the deviation at 

yyV     given by the method of Naiman). Multhopp's method gives to -W / 
a rather good result (fig. 15), which may be attained when the Fourier 
representation of the Ay curve is adequate. 

The two examples thus far presented are favorable for Naiman's 
method because the steep slopes of cr(x) occur near x = 0 where the 
points Naiman uses are close together. However, going to still steeper 
slopes near x = 0 would require a rapidly increasing number of points. 
The new method offers another possibility here.  Assume that in that 
critical region xk < x < xk+1  (xk may be 0) <x(x) may be represented 

by cr(x) = ^ anx
n.  Then the integral 

l0    * - *o 

may be split into three integrals 

(hi)' 
/xk+1 

x - xo 

The first and third of these integrals may be solved in the usual 
manner using the functi 

be solved analytically. 

manner using the functions jno and Jno*. The second integral will 
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This simple form, due to the use of the coordinate x in the 
Poisson integral, allows a rapid integration, because the integral 

can be solved by recurrence as follows: 

n    n 
kn,o = "^ — + x0kn_x 0 for n £ 1 (k2) 

with 

n 

^° = Jno(x
Xk " X; 1 (*3) vxk+l " xk/ 

Thus even very steep slopes cause no difficulties. 

As already mentioned, examples I and II correspond well to the 
qualities demanded by Naiman's method insofar as the rather steep 
slopes occur in those portions where the points 9n are close together. 
If those steep slopes should occur in other portions of the chord, how- 
ever, a very great number of points in the Naiman method would be needed 
in order to represent c(x)    adequately, and to get reliable results. 
In such a case the method using unequal intervals shows its advantage 
by allowing a free subdivision of the chord. 

A third example will serve to illustrate this.  Figure 18 shows a 

function cx(x) = -i—£1 . The essential values of the function lie in 
dx 

a part of the chord where even Naiman's method with l60 points is not 
sufficient to represent the function accurately. This is forcibly 

shown by the two curves of ^-.     If the function a(x) is modified 
vo 

(dotted line) so as to eliminate the high peak, then the —-    curve by 
^o 

unequal intervals can be made to agree with the original ^ by Naiman's 
^o 

l60-point solution, thus definitely proving that, in this example, 
Naiman's method with l60 points is insufficient. 

Table III indicates the computation for the point x = O.065 
by unequal intervals. 
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CONCLUDING DISCUSSION 

The new method of evaluating the Poisson integral developed herein 
is to be recommended for all those functions ff(x), where steep slopes 
in small portions of the region to be integrated exist.  In these 
portions a very small size of interval may be chosen without requiring 
that this same size of interval be used throughout the region of 
integration.  In this manner, the work required for computation may be 
maintained at a reasonable level even for the most complicated problems. 

The analytical treatment of special parts of the integral is 
possible (evaluating the remainder by the new method; see preceding 
section).  In those problems where a transition to very small intervals 
in part of the integration range would require the determination of a 
great many values of an, this idea might be used to advantage. 

It should be noted that the smoothness of the function a(x)    and 
its accurate representation by single points is essential for good 
results.  If, for example, single points crn are simply taken from a 
curve for xn very close to one another it may be compulsory to check 

these values by a table of differences. 

Stanford University 
Stanford, Calif., December 6, 1950 



NACA TN 2^51 33 

f 

\      ä 

> \ 
NOC0<D'JWOC0<0'*«OC0<D'l'MO(DiD'*WO00<O^«OC0(D^« 
ci<Dininininin^-*-*-^xjttOtotototowNwwMfHrHrHr-irH Ä 

H 
CO 

« 
H 
O 

(D 
rH 

^tDincoc^wcninwrHrt^«3H«^io«i(Dincnino»tOtDWintOinco^i 
Htomc^O'*commoc^o>*DcO(Ooot-o»c*-otoincn«*rHCOio^i(03rH 
OOOOHHHMtOmr>WiOHO'H«mWomM«HHrHOOOOO 
OOOOOOOOOOOrHWt-^mtNWrHOOOOOOOOOOOO to 

to 

en 

W 
m 

H 

<£> 
H 

H-^ChCOtDifttOfHCOCOCO^OrHinuDC^HWinOOCOHlSOOCAaCO^M 
W^(OCfttOCOiOmOiDOCftm>COHO>HCOHlDWCniflHOiMOtOWH 
ooooHfHWtomt>tomwc~w«intoc-mtowrHrHHoooooo 
OOOOOOOOOOfHWt>inmtOWHOOOOOOOOOOOOO 

O                                                                   tO tD 
8 

<D 
H 

MDCnOirHHWtOO)rtWC\lHO^(DCOCOtOCftO^<OWlDlOCO^<HOO 
wincowcoininrHcoH^c^tnwcf.^iocnwtoc^o»inwo»t-Ln^ioc>3H 
OOOrHHMtOinC-tOOtO^cntOtOlOC-intOWrHrHrHOOOOOOO 
OOOOOOOOOH" t>«OtOC>«HOOOOOOOOOOOOOO 

O                                                              (O (0 

in 
M 

(0 
CO 
cn 
Oi 

ID 
H 

tOtOO)^CO^Ht0^inOOrH<OCMtDtOHOCOHtOCO«Oxi'OCOC'-ISCO 
coi>-Mt^^inwgtDcotot>oHwt*cjrf(coi>Hinwoco«ointowHo 
OOHHWnirKDCOiDiüOOiiDMOCOmcOWWHrlHOOOOOOO 
OOOOOOOOrH<MC>cnC0t>CMHOOOOOOOOOOOOOOO 

to 
O                                                        tD iß 

to 
CM 

en 
CO 
O) 
tD 

c- 
rH 

a^oHto^«H•^ocotocococ^H^n-#lnocnHcöc*■fflo^lntoMtOlnc,■ 
^o^^intotoHwwr>H'ej'totoin<Dcno>Hr-c*iocoioin^BOWHo 
OHrlWißiOCO'tffllllMCoilD^CÖincOWWHrlHOOOOOOOO 
OOOOOOOHMC^HHtNWrHOOOOOOOOOOOOOOOO H 

o                                   c- o- 

H 

to 

in 
(D 

CO 
H 

*DOWO-^MOI>«OH<DtOinCOHinmoOWOr-I^IOCOCOCOrHtOt> 
tD^tOin^<DCO(DO'*COOCOOCncnHOtOCO^«rHcnt>tD'!*lO«e3HO 
OrHW«iOCOTjtcnr>y3rHlOa>inCOin-*tOWHrHrHOOOOOOOOO 
OOOOOOiHWr>^<ir)C0WHOOOOOOOOOOOOOOOOO to 
o                         t!^ 

O 
O 
w 
cn 

en 
H 

inint^^cnHWiOOiniOWioiocOHtOinHOH^OtOlOlO^ttOCOWtD 
CnO^inCfliOiOCniOcoHCOOinN^W^cfllOWaiCOiOlO^nWHrtO 
OWlOmfflmHffl^IloiHiDCXD^lONrlHrlOOOOOOOOOO 
OOOOOHtOCOOcnCOlO-HOOOOOOOOOOOOOOOOOO in 

rH 

CO 

cn 
m 

(DcnCOo>^tOtO^HCO<OOCnTnWOW^WO<DtOi-IOOCOcf»OtOt>-rHin 
■*HifirtiDO»^CDWrttOrtWt>>^HOO<DnOtDMO»jiWtOMHHO 
HcOmO)<DtOtDlDtJ<m'ti,t~-OtD^tOWWrHrHrHOOOOOOOOOO 
OOOOHtOcnD*O-0JtOrHrHOOOOOOOOOOOOOOOOOO 

ö                       coco 

rH 

o 

w 
CO 

to 
w 

oototDtOcnoc^ocotooin^tD^HinorniOin'i'iOioiDCOfHooin 
tOlOC>COOOi^HOtOCn>-ttOHC--COWr>^rHO>t'iDin«*COW«HHO 
W[nO>t>r>inWCn«3C^COrHt^intOWWHrHHOOOOOOOOOOO 
OOOMtOOtOtOOtOHHOOOOOOOOOOOOOOOOOOO o» 
O                       HCftOH 

o 
H 
UD 
CO 

tD 
CM 

inc^otocOo»cnOrHtOHtoawiO«HtOLnOincOc»cnON«oo^o>in 
rH<DWOE>OlOC^^O>inHtDHrH^O>in«oCO*Din^>><JttOWWHOO 
"JdOiHCOWOiOiWoWlDlD^nMrlrlrlHOOOOOOOOOOO 
OOH-*HC0C0H^WrHOOOOOOOOOOOOOOOOOOOO 

O                    rH O OH 
H rH 

H 
in 

rH 
H 

o 
cn 
CM 
H 

H 
to 

OinONintOCOlOHtOWin^c^cnNOCO^tOCOcO^incOO^CO^Oi^ 
HHNCO(DWCO<OCJOWntDinDHMOHCf^<OlO'J'WtOWHHOO 
COO"OiDHW>(D'J'^OiiOTJilO«MrlHHOOOOOOOOOOOO 
OW^tOtDintO^WHOOOOOOOOOOOOOOOOOOOOO 

O            HNNH 
rlrl 

10 
in 

o> 

H 
in 
w 

EO 

rHtOtOtOtOtO>OtO^OH^inoH^>intßtOC»HtOtOCOtOCOtOCO<di 
^;c^o»i,<DOE>LOtDintotoo>Orj<cninwococ*inm^M03C3H(Hoo 
CDHN^^mMIiOOMniOlflWrlHHHOOOOOOOOOOOO 
HlOiOHHiDlDNrlHOOOOOOOOOOOOOOOOOOOOO 
o    H in in H 

H rH 

in 
m 

t> 
CO 

O^H<O^COrHHHW^WWinCOCS^cna3Wo^OC»HyiC>«C-«CO^ 
tSCnr^^^iDC^HIIl(DW(DlQI>rHC^'^rHO<CO(Din'>*''J'nWW#HrHOO 
Lnt>0(D>rH'5|*OWCO<0'^tOWNrHfHrHOOOOOOOOOOOOO 
WcnCTii-IOlNtOWrHOOOOOOOOOOOOOOOOOOOOOO 

OHfflOiW 
HH 

m 

OS 
O 
in 
CO 

m 
to 

cDcowMowtocDMa3^a3Tj'Ln^cotDto^o>tn^c--oW(Or-t<DwcO'* 
a)(oaDt>cnWuicnc>^inH«[no«oiOrHcnt>.«)ir5.<i)^tONWrHHoo 
wocoo-#mininoc^in->i*co«wHrHHooooooooooooo 
■*m«DCOOiTj<WHrHOOOOOOOOOOOOOOOOOOOOOO 
WlDiD« 

CM CM 

in 

to 

H 

H 
O 

Cf> 
O 
rH 

oicouxooHwaJowijiwioiOüOiWOHMnrtiüOiHaJHiüwtD* 
t0tDWt0HcnWC0*0C0rHcnO^cnint0HCnr>«jlß^f([0t0W«rHHOO 
O^iOO^JiHtlOiiDintOrtNrlHHHOOOOOOOOOOOOO 
ifiOtO^iOrtWrlOOOOOOOOOOOOOOOOOOOOOOO •-f 

(0 
W   tO   -tfrH 

H 
CD 
to 

<o 
M 
to 

MC0(000inOT^OOtOtDOC0C0O<DCnC00l>in'^W<DC0rH(DO<0WC0r|" 
cO[nwino»o^QrHincncocntociiinwococ^<Din^ioio«cgHHoo 
ONO>iOnrloiß01ÜT|lf)WWHHrlrlOOOOOOOOOOOOO 
oinmointoHHooooooooooooooooooooooo 

t> C» WrH 
rH 
H 

to 

3h 

/   c 
CM^tOCOO«^tOCOOW-*<DCOQ«^OCOOM^tOCOOW^tOCOOW 

HHrHHHWMW«NtOtOtOtOtO-<JiTl(^i-«JiTj(inininiOlO'0<0 



3^ NACA TW 2451 

tDtooc*Mc»tj'Hc^^[>EO<Dcomir)tncocOtDtOc^Tjit^H'<d'aiwcjiotnco o«^mcoO'tfommoocn(oe--wwT*itDoic-oißLDOti<ocOW'tf<«o 
OOOOOHHHWtOiOOWio^lOOrHinCVlOinmWrHHHOOOOO 
OOOOOOOOOOOOHWC^inm<D[>HOOOOOOOOOOOO 

0»oiO^*lOO>l>tiiM»D'<J<Oir>t*HC>-COH>#COWCOH(OCnirtCOOO»tOO»«0 
owint>oiocoiniooc-ot>o^o>Mcoo[>-HmiDoiti<HCO(0^tnHo 
OOOOHHHW«inC^tOinWa>WWtOtOD-mtO«HHHOOOOOO 
OOOOOOOOOOOrHCJC^^mC-WHOOOOOOOOOOOOO 

wiD«-^toto«Mocic^mwcoinnc»woo^toH^otOP3mHCO(Dm 
HtO(DO»tOCDlOlf5HCOrHrHHCOtOHHWaiNtDtDOinWO>t>in^'WrHO 
oooOrHHWtoinc^iototoHnnocot>mcowwHrHooooooo 
OOOOOOOOOOi-tWC^iDlDISNHOOOOOOOOOOOOOO 

OOOHrlWtQinMn'DlOMO'ifiDniDiOnNMHHOOOOOOOO 
OOOOOOOOOH«_~_-_^C^NHOOOOOOOOOOOOOOO 

OWOff)(D<0<DC0C^C»O'<dtC0(-t>Wt>HE>-«*mC^H'^t0<0WOOHWtit 
W^H«0^lO«fHC0u3(D!>C0tDt>O«inC0(DHtDt0oC0t0in^J*tn«^O 
OOMHWtQinCOtOC^C--WtOC-C^«^aDmeOMWHr-)HOOOOOOOO 
OOOOOOOOHWC^OOC^WHOOOOOOOOOOOOOOOO 

wcointomto^-- ,  _      _____      ......  „ 
OOHWnmtÜ^ffiHNmrH-i^cDiOTiiNWHrlHOOOOOOOOO 
OOOOOOOf-INCOntOCDMrHOOOOOOOOOOOOOOOOO 

0»WrH^O<^_^_^HOcnt0CD^i^C0C^E0a.iQ«._^ir.C>WOOrHrt«DO-r. 
rtMWiniO^HinOinHHC^_7WON^tOCO'!j*HOit>_-lD-d'tQNHf-IO 
oiHwtomcoinoißoicuDoinoiiD-jinwrHriHOooooooooo 
OOOOOOHCQCOC^t-CDrti-IOOOOOOOOOOOOOOOOOO 

ooc-c^oD_nocowH>c7iOTc.o>oin^niNtDtowtoa3toint_>_.Hifjaito 
oH«iOO><OWWCO-.WM(ÜOitD-!j(cOC,rHHHHOOOOOOOOOO 
OOOOOrHtOOtOlOcntOrHOOOOOOOOOOOOOOOOOOO 

OC0o>C0I0(Dnc0HlOC0N«i<^C0OWMC0moO^HO'H[0iDCRMa3l0 
cfta.^inwtß^iocooCT>ot^oo>tDc>-H(_)tOHa>i>toin'*coW(-ir-too 
owir.c3Jt-ir.ooo.Hmcoo---'ci*t.'.cMwHHi-)ooooooooooo 
OOOOHtOOMr-IOCOHHOOOOOOOOOOOOOOOOOÖO 

OrH0D^noC3nWOCat0^Cß^0DHtni>0»a.H-^[OtDI>O^'C0WINM 
ioaic^_^a>c>c^coocftCftc.i>cooicfttoco^Ha»c.tD[n'^totocoH(-(oo 
H-*a>a)coHcca.wcno>H-^m«e-WHHHoooooooooooo 
OOOMtOHWHHtOHMOOOOOOOOOOOOOOOOOOOO 

^M[>C^OHO)-0cn^HOM_-OiOrHC-i-tC0c»T|tWHMinC0Mt>WC>-« 
[>w^^oo>rtcnw_^EO-3o«nino^toocO---u.1rt^tQwa2HHoo 
WöiOitOMOtnMnWrtCO'OvlifiWCJHHrlOOOOOOOOOOOO 
OOr-t-d,WtD«.C-^Ni-IOOOOOOOOOOOOOOOOOOOOO 

HOWOlDiOrKDOrlO^mrllDlOOi-OOiWOiMCONi-rllOHCN 
©0)0>««iflr{>Wlflai(DOi>tDWCO-ii(NOiCO<Dtn'l<<JicONMrtHOO 
moi_t)W^OW-lflOi.^nNNHHrlOOOOOOOOOOOOO 
OfH^'^'ßCÖlOiOWHOOOOOOOOOOOOOOOOOOOOOO 

iortHP_wo3o.inaiiria.ior-D-u.^iniDrHWc^in^incOrHif^oir>o--W 
cDCOMCaCD-^of.'H-.rtC^C.c. ^O(Df3rl0>MDi0^flt0WWHHOO 
fifi(DlDWniQH(Drl(Dir)^flWWHrliHOOOOOOOOOOOOO 
HintNOir-tCOU-COHHOOOOOOOOOOOOOOOOOOOOOO 

c^oco^^cooowNtOTitn^iocn-^iNioco^wp.-jiü.O'^oiinotüW 
^inaDiOi^^^lOWtOaDoCOcncOCOiOWoaDtNtOiO^CQcOWHHHOO 
lOONfifflHaiN^öiiOnrtNWHrlHrlOoOOOOOOOOOOO 
^C-tOaitOCOtOWHOOOOOOOOOOOOOOOOOOOOOOO 

lf.OlO10iHMrt^M^ir.Hi0C0MO>MrH_3HOOC>.i00>'^Cii'^O*DW 
WO«tD^^l0«HT*iHOiI}C^W03^«OCÖ_^<O_^'*W«WrHHHOO 
OUDWHnnoKCWffl.TJiOMNHrlHrlOOOOOOOOOOOOO 
[Ot-tD-^rHiOWi-iHOOOOOOOOOOOOOOOOOOOOOOO 

iDOWOC0^(Dnü)t0o)tDOC0iß^rt(D0>ßO0>OWl0a>t0CD-*O<DW 

1/ 



NACA TN 2^51 35 

APPENDIX B 

VALUES OF j no AND jn0* AS FUNCTIONS OF 
Ax 

The values of the functions JnQ and jno* are presented as indi- 
cated in the following table. The values are tabulated in a form selected 
to minimize the necessity for interpolation except for the region contain- 
ing the singularities of the functions j   and 1 * Jno For ease in 
computation, tables B-I to B-VIII, inclusive, are arranged so that the 
vertical increment of 

xn—x 
-£-    is unity. Table B-JK gives additional values 

for the region containing the singularities of the functions 
J 'no 

Jno and 

TABLE NO. FANGE OF    Xn X° INCREMENT OF    Xrr*xo 
Ax Ax- 

B-I -I89 to -90 1.0 
B-II -89.5 to -40.0 • 5 
B-III -39-9 to -20.0 .1 
B-IV -I9.99 to 0 .01 
B-V 0 to 19.99 .01 
B-VT 20.0 to 39.9 .1 
B-VII 40.0 to 89.5 .5 
B-VIII 90 to I89 1.0 

B-IX -1.000 to 0.000 0.001 
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APPENDIX C 

DETAILS OF SOLUTION OF  INTEGRAL  (36) 

Fn   = 
v0 dx      = 1   /       Av _1 L J£SL 

10       Vx(c  - x) x - x0      - JO      V0   Vf ^1 - J J - ^ 
(Cl) 

Introduce     | = -    and find 
c 

y Av    1 

VT 
1 + 1  I + 1 I    + 

2 8 
dl 

I   -    ^r 
(C2) 

With the expansion  (see equation   (37)) 

#Mi + ii +^ 2 b      8 ) = ao +  (al + § ao) S +  («2 + § ai + t ao) *' 

* * 2 
= aQ + a1  | + a2  |    + (C3) 

Hence, 

-'     a„ + *t2 1   /    1'     aQ + a1 I  + ag*| 

°Jo        VT (ft - to) 
d| 

= 1 
c 

'el/c 

dl 

I- d| 

+ 

,el/c 

1 Jo       >TT(e- £0) 

>/!(*   - to) 

(CU) 
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As the occurring integrals are all of the same type, define 

Tl/C   ^« La=  /     Jn     \  N (C5) 
JO    ^/T(£ - l0) 

These integrals 1^ are easily solved by recurrence. 

Ln = ^ L., + X-^~Y (06) 
2 

with 

1-W^ 
Lo = "—= !oge  ;== for xo > «i (C7) 

and 

xo 

^Ht L°= T7r loge fe4 for xo < ei (cQ) V5° 1+   ,fo ± 

The function 

1 - \- 1 - i/^a 
MQ = loge  La and  loge   V  1 

is given in figure 2 in order to provide a more rapid computation in 
x     g.. 

the event that — or -± is not very small. 
1    xo 
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€1 If — « 1, 

Mo = •2h,- + H^ + Ä. Ij_±.   + 

5 Vx0 
(C9) 

The integrals L0, L1}  and L2 are needed; these are given "by 

Ll = ^oMo + 2# 

3/2 °/M# 
fci If     -i « 1, 
xo 

Lo = 

, --3 ,-5 
fi + i./ii +i,/ü + 

£oWxo    syxo     5Wx0 

^--w^-^ + 

L2 = -2 ^(jß: +  . 

-/ 

(CIO) 

(Cll) 
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With these expressions  the  integral    F-,     is  as  follows: 

F,   = J[aoLo + ai*Li + a2*L
2 

-^ Mo + *!* (\^o" M° + 2^Sj + a2* ^3M0 + 

2*o# + f#3) 
Mr 

a° + a *\/t + a *\/L    ,+ 1   V   ° 2   V  ° 

Vf(^ *  ^*) * f ^ (C12) 

The coefficients a0, a-,, and ap of the expansion of — are given 
Av 
^o 

/Av 

2e. 

^k 

x=0 

/Av) + k 

'x=0 

Av 

X=€i ($ x=2e. 
> 

a2 = 
2 6, -) -2(r)  +(r) o/x=0 v?/x=€l       \

vo/x=2e. 

Av 
V, 

(C13) 
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TABLE I.- VALUES OF jn. AND j no •Jno FOR    -I4-9.5 < 
x    - 

n 
Ax < 1+9-5 

*n - *o * 
xn " xo .    # 

Ax ^no Jno Ax <lno Jno 

-1+9-5 -O.O20I+ -0.0102   • 0.5 I.O986 0.1+507 
-1+8.5 -.0208 -.0101+ 1.5 .5108 .2338 
-Vj\5 -.0213 -.0107 2.5 • 3365 .1588 
-1+6.5 -.0217 -.0109 3.5 .2513 .1201+ 
-1+5.5 -.0222 -.0112 1+.5 .2007 .0970 
-1+1+.5 -.0227 -.0111+ 5-5 .1671 .0812 
-1+3.5 -.0233 -.0117 6.5 .11+31 .0698 
-1+2.5 -.0238 -.0120 7.5 .1252 .0613 
-1+1.5 -.021+1+ -.0122 8.5 .1112 .051+6 
-1+0.5 -.0250 -.0125 9.5 .1001 .01+92 
-39.5 -.0256 -.0129 10.5 .0910 .01+1+8 
-38.5 -.0263 -.0132 11.5 .0831+ .01+11 
-37.5 -.0270 -.0136 12.5 .0770 .0380 
-36.5 -.0278 -.0139 13.5 .0715 .0353 
-35.5 -.0286 -.011+3 11+.5 .0667 .0330 
-3l+.5 -.0291+ -.011+8 15.5 .0625 .0309 
-33.5 -.0303 -.0153 16.5 .0588 .0291 
-32.5 -.0313 -.0157 17.5 .0556 .0275 
-31.5 -.0323 -.0162 18.5 .0526 .0261 
-30.5 -.0333 -.0167 19.5 .0500 .021+8 
-29.5 -.031+5 -.0173 20.5 .01+76 .0236 
-28.5 -.0357 -.0180 21.5 .01+55 .0226 
-27.5 -.0370 -.0186 22.5 .01+35 .0216 
-26.5 -.0385 -.0193 23.5 .01+17 .0207 
-25.5 -.01+00 -.0201 2I+.5 .01+00 .0199 
-2I+.5 -.01+17 -.0210 25.5 .0385 .0191 
-23-5 -.01+35 -.0219 26.5 .0370 .0181+ 
-22.5 -.01+55 -.0229 27.5 .0357 .0178 
-21.5 -.01+76 -.021+0 28.5 .031+5 .0172 
-20.5 -.0500 -.0252 29.5 .0333 .0166 
-19.5 -.0526 -.0266 30.5 .0323 .0160 
-18.5 -.0556 -.0280 31.5 .0313 .0155 
-17.5 -.0588 -.0297 32.5 .0303 .0151 
-16.5 -.0625 -.0316 33.5 .0291+ .011+6 
-15'. 5 -.0667 -.0337 31+.5 .0286 .011+2 
-1I+.5 -.0715 -.0362 35.5 .0278 .0138 
-13.5 -.0770 -.0390 36.5 .0270 .0131+ 
-12.5 -.O83I+ -.01+23 37.5 .0263 .0131 
-11.5 -.0910 -.01+62 38.5 .0256 .0127 
-10.5 -.1001 -.0509 39-5 .0250 .0125 
-9.5 -.1112 -.0567 1+0.5 .021+1+ .0122 
-8.5 -.1252 -.0639 1+1.5 .0238 .0118 
-7.5 -.11+31 -.0733 1+2.5 .0233 .0116 
-6.5 -.1671 -.0859 1+3.5 .0227 .0113 
-5.5 -.2007 -1037 1+1+.5 .0222 .0111 
-1+.5 -.2513 -.1309 1+5.5 .0217 .0108 
-3.5 -.3365 -.1777 1+6.5 .0213 .0106 
-2.5 -.5108 -.2771 1+7.5 .0208 .0103 
-1.5 -I.O986 -.61+79 1+8.5 .0201+ .0101 
-.5 0 1.0 ^9.5 .0200 .0100 
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TABLE II.- COMPUTATION BY UNEQUAL INTERVALS, TRANSITION FROM 

ONE INTERVAL SIZE TO ANOTHER 

(a) Äx = 0.002. 

X 

c 
an an+l " an 

Xj!   -   X0 

Ax Jno 1    * dno 

0 
.002 
.004 
.006 
.008 
.010 
.012 
.014 
.016 
.018 
.020 
.022 
.024 
.026 
.028 
.030 

a0 
01 
a2 
a3 
oh 
ff5 
o6 

oik 
a15 

al - a0    . 
°2 "  al 
(To   -   OV) 

ah - ff3 
0-5 - oh 
06 - 0-5 
a7 - aß 

CT15 " al4 

-4.5 
-3.5 
-2.5 
-1.5 
-.5 

.5 
1.5 
2.5 
3.5 
4.5 
5.5 
6.5, 
7.5 
8.5 
9-5 

10.5 

-O.2513 
-.3365 
-.5108 

-I.O986 
0 
I.O986 

.5108 

.3365 

.2513 

.2007 

.1671 

.1431 
,1252 
.1112 
.1001 

-O.I3O9 
-.1777 
-.2771 
-.6479 
1.0 

.4507 

.2338 

.1588 

.1204 

.0970 

.0812 

.0698 

.0613 

.0546 

.0492 

(t>) Ax = 0.006. 

X 

c an 
ffn+l "  an 

Xn   -    XQ 

Ax Jno Jno 

0 
.006 
.012 
.018 
.024 

a0 
0-3 
06 
a9 
012 

a3 -  a0 

a6 - ff3 
a9 - a6 

OJJ2 -  0-9 
CT15 -  o12 

-1.5 
-.5 

.5 
1.5 
2.5 

-I.O986 
0 
I.O986 

.5108 

.3365 

-0.6479 
1.0 

.4507 

.2338 

.1588 

.030 

.036 

.042 

.048 

.054 

.060 

.066 

.072 

.078 

.084 

.090 

.096 

"15 
ffl6 
ff17 
"18 

ff25 
ff26 

ffl6 " CT15 
tj17 - a±6 
al8 - cr17 
ff19 " al8 

o26 - CT25 
ff27 _ ff26 

3.5 
4.5 
5.5 
6.5 
7.5 
8.5 
9-5 

10.5 
11.5 
12,5 
13.5 
14.5 

.2513 

.2007 

.1671 

.1431 

.1252 

.1112 

.1001 

.0910 

.0834 

.0770 

.0715 

.0667 

.1204 

.0970 

.0812 

.0698 

.0613 

.0546 

.0492 

.0448 

.0411 

.0380 

.0353 

.0330 
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Figure 1.- Characteristic qualities of    jno    and    jn0*    as functions 

of 
xn ~ xo 

Ax 
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©r 
6i 

Figure 2.- Function MQ for computation when x^e-^ or eWx,., is 
not small. 
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(a) Plot for 0 < x < 0.25. 

Figure k.-  Analytical computation of ^ for figure 3(b) and comparison 

with results by computation with unequal intervals. 
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& Unequal 
Intarvals 

/Analytical 

(b) Part of figure 4(a) plotted to larger scale. 

Figure k.-  Concluded. 
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.Otfc. 

(a) Comparison with analytical results. 

Figure 5.- Results obtained by Naiman's method.  40-, 80-, and l60-point 
solutions. 
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.02© 
Solution        I 

@ Naiman   40-pomt 
O Naiman  80-point 
• Nairnqn 160-point 

(b) Figure 5(a) plotted to a larger scale. 

Figure 5.- Concluded. 
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.Ctt.O 

Solution 
£ Multhopp 31-point 
/ Multhopp 63-pomt 
o   Naiman       80-pOint 

Multhoppil: 
 -i.e= 5.62.5' 

t—  Mu|-thopp63: T 
A9 = ZA\tS 

-.016 

.025 

,010 

.015 

.010 

dx 

.005 

.20 .24 

(a) Comparison with analytical results and results of Naiman's method. 

Figure 6.- Results obtained by Multhopp's method.  31- and 63-point 
solutions. 
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.ozo 
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.004 
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-.oia 

-.016 

Solution     ' 
¥ <f Multhopp   15-point 

4 Multhopp 31-point 
</Multhopp   63-point 
o Naiman      80-point> 

(b) Figure 6(a) plotted to larger scale. 

Figure 6.- Concluded. 
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.0Z.O Solution 
®    Naiman 40-point 

</*    Multhopp     15-point 
X   Tim man     3&poirrc 

Figure 7.- Comparison of methods of Nairan, Multhopp,   and Timman 
with analytical solution as basis. 
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1 1 i 1—1—1—1—1 1 1 1 Unequal Intervals 

— 1   Naiman    80 

1   Naiman 160 

Solution 
A Unequal Intervals 
• Naiman   160-point 

Figure 18.- Results obtained for example III by method of unequal inter- 
vals compared with, results obtained by Naiman1s 80- and l60-point 
solutions. 
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